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Optimal External Con� guration Design of Unguided Missiles

Ömer Tanrõ kulu and Veysi Ercan†

Defense Industries Research and Development Institute, Ankara 06, Turkey

A simple optimal external con� guration design method is proposed that can be used in conceptual and prelim-
inary design stages of an unguided missile development project. Cost and constraint functions are derived from
the results of linear time-invariant aeroballistic theory (constant roll rate and forward speed, decoupled axial and
transverse dynamics); therefore different phases of � ight are examined separately. Curve� tting is used to reduce
the number of trial cases and hence the work required to obtain aerodynamic and inertial data. Optimal con� g-
urations are determined by using a modi� ed steepest-descent algorithm. A case study is presented in which the
external con� guration of an unguided light assault missile is optimized for free � ight at low subsonic speed. Three
cost functions related to stability, range, and warhead performance, respectively, and two inequality constraint
functions related directly to stability and indirectly to dispersion are considered in the case study.

Nomenclature
CD = drag force coef� cient
Clp = roll damping moment stability derivative
Cl = roll moment due to � n cant stability derivative
Cm = static moment stability derivative
Cm Cmq = transverse damping moment stability derivatives
Cm p = Magnus moment stability derivative
CZ = static force stability derivative
d = gradient vector of F x
F x = modi� ed cost function
f x = cost function
g x = inequality constraint function
H = Hessian matrix of F x
h x = equality constraint function
Ia = axial moment of inertia, kg m2

It = transverse moment of inertia, kg m2

ka = nondimensional axial radius of gyration
kt = nondimensional transverse radius of gyration
mT = total mass, kg
m = warhead mass, kg
pdyn = Magnus instability roll rate limit, rad/s
pres = yaw-pitch-roll resonance roll rate, rad/s
S = reference area, 2 4, m2

sd = dynamic stability factor
ss = static stability factor
V = speed of missile, m/s
x = vector of scaled variable geometrical parameters
xl = lower limit of x
xu = upper limit of x

= adaptive step size of iterations
= transverse damping factor
= reference length, rocket motor diameter, m
= penalty constants
= freestream density, kg/m3

Introduction

T HE main objectives in external con� guration design of un-
guided missiles are to obtain adequate stability in all phases of

� ight, short minimum range, long maximum range, low dispersion,
and large payload mass. In practice it is dif� cult to achieve these
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objectives due to the complicated nature of unguided missiles as
nonlinear, time-varying, and random systems. Signi� cant advances
have been made in analysis and system identi� cation aspects of
� ight dynamics of unguided missiles since World War II. A num-
ber of range, dispersion,and stability criteria have been determined
by using analytical, numerical, and experimental techniques. On
the other hand, very few studies have been published on external
con� guration design of unguided missiles.1 The almost untouched
synthesisproblem is challengingfor three reasons.First, design cri-
teriaare functionsof aerodynamicand inertialparameters,which are
in turn complicated functionsof freestream � ow conditions,missile
geometry, and mass distribution. Second, design criteria are often
contradictory.Third, design criteria are different for different � ight
phases of a given type of unguided missile. (Naturally, design cri-
teria are different for different types of unguided missiles. Artillery
shells, artillerymissiles,high kineticenergyprojectiles,light assault
missiles, antitank missiles, sounding rockets, and re-entry vehicles
all have to be optimizedwith differentcostandconstraintfunctions.)

The nature of the problem will be discussed with a simple ex-
ample. Consider the unguided artillery missile con� guration with
cruciform tail � ns presented in Fig. 1. The terms c and s denote the
chord and span of tail � ns, respectively,while l denotes the length
of the midsection case. These are the geometrical parameters that
are easiest to modify once rocket motor and warhead properties are
� xed. If N different values of each of these parameters are consid-
ered, then the total number of candidate con� gurations to be exam-
ined becomes N 3. Changing a single geometric parameter changes
all aerodynamic and inertial data. The speed of an unguided ar-
tillery missile varies signi� cantly during � ight (subsonic, transonic,
and supersonic). If M different � ight speeds are considered, then
aerodynamic data have to be determined M N 3 times. Separate
� ight dynamics analysis of all of these con� gurations is necessary,
which is dif� cult and costly. Moreover, such an analysis gives in-
formation about con� gurations with the selected discrete values of
(l c s) only.

Consider an external con� guration design analysis where only
s is changed. As s is increased, m Ia It Cm Cmq Cm p Cl p Cl ,
and CD all increase. An increase in s has both advantageous and
detrimental results in terms of range, dispersion, and stability per-
formance. Advantageous results are an increase in static and damp-
ing dynamic stability and a decrease in dispersion due to thrust
misalignment. Detrimental results are a decrease in range and an
increase in dispersiondue to wind. An increase in s can have advan-
tageousor detrimental results in terms of Magnus dynamic stability
because Ia It Cmq Cm p Cl p , and Cl all increase. An increase in
s can have advantageousor detrimental results in terms of the like-
lihood of yaw-pitch-rollresonancebecause Ia It Cm Cl p , and Cl

all increase.
Also note that cost and constraint functionsare different for boost

and coast phases of � ight of an unguided artillery missile. (As an
example, most of the dispersion takes place during the boost phase.
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Hence, dispersion criteria may not be considered among cost and
constraint functions in a � rst-order analysis of the coast phase.)

In the second section, details of a method that can be used in the
optimal external con� guration design of unguided missiles will be
presented. In the third section, the proposedmethod will be demon-
strated by a case study about a light assault missile.

Optimal External Con� guration Design
The method to be proposed for the optimal external con� gu-

ration design has � ve basic steps. The � rst step is the selection
of cost and constraint functions for different phases of � ight by
examining the nature of the unguided missile. The second step is
the determination of aerodynamic data (at several Mach numbers
depending on the � ight speed range of the unguided missile) and
inertial data for a sparse set of variable geometrical data by us-
ing experimental, numerical, and theoretical methods. The third
step is the determination of approximate functional relationships
between aerodynamic/inertial data and geometrical data by using
curve� tting. This approach reduces the number of trial cases sig-
ni� cantly, and it also creates the possibility of analyzing con� gu-
rations with x data that are not included in the original sparse set.
Aerodynamic data at a given Mach number and inertial data are
usually smooth functions of geometrical parameters; hence, poly-
nomial functions give satisfactory results in terms of curve� tting.
The fourth step is the determination of closed-form expressions
for cost, inequality constraint, and equality constraint functions by
using the aerodynamic and inertial functions that were obtained
by curve� tting in the third step. The � fth step is the formula-
tion and the solution of optimization problems. One may have to
consider several combinations of cost, equality constraint, and in-
equality constraint functions for a speci� ed phase of � ight. Hence,
the number of optimization problems to be solved can be much
larger than the number of � ight phases under consideration.Each of
these optimization problems can be stated as follows in general:

Minimize

f x

subject to

gl x 0 l 1 Ng

hm x 0 m 1 Nh

xl x xu

Optimal solutionsare determinedby using the following iterative
modi� ed steepest-descentalgorithm2:

F xk f xk k

l

max[gl xk 0] 2
k

m

hm xk
2 (1)

xk 1 xk k dk (2)

xk 1 j

xk 1 j if xl j xk 1 j xu j

xl j if xk 1 j xl j

xu j if xk 1 j xu j

j 1 2 n (3)

where

k
d T

k dk

d T
k Hk dk

(4)

Fig. 1 Unguided artillery missile con� guration.

In the preceding expressions k 1 2 3 is the iteration
counter; F is obtained by combining cost function and constraint
functions to turn the constrained optimization problem into an un-
constrained one; x has a dimension of n; and 0 and 0 are
penalty constants of very large magnitude for inequality and equal-
ity constraints, respectively. Magnitudes of and are increased
in every couple of steps of iteration. The term is the adaptive step
size of iterations, and for d and H

d F di
F

xi

(5)

Hi j

2 F

xi x j

(6)

Case Study
The subject matter of this representative case study is the opti-

mal external con� guration design of an unguided short-range light
assault missile, a schematic drawing of which is shown in Fig. 2.
The one-man portable missile is shoulder launched, and there is no
rocket motor propulsion once the missile leaves its tube launcher.
The original warhead of the missile is to be replaced by an antiper-
sonnel fragmentationwarhead. No modi� cations will be performed
in terms of solid propellant rocket motor because the mass of the
new warhead is constrained to be less than or equal to the mass
of the old one. The free � ight Mach number of the missile is 0.32
with the old warhead. The missile will have a low subsonic � ight
speed with the new warhead as well. The missile has six planar tail
� ns with no dihedral, which means that it has hexagonal rotational
symmetry and six planes of mirror symmetry.3

There are three reasons for selecting such a missile as the subject
of this case study, which aims to demonstrate the proposed optimal
external con� guration design method as simply as possible. First,
there is only one � ight phase to be considered (short-duration free
� ight during which the missile has a relativelystraight mean trajec-
tory). Second, the � ight takes place at low subsonic Mach numbers
where aerodynamic characteristics do not vary much with Mach
number, and hence only one set of aerodynamic data has to be de-
termined. Third, it is possible to derive approximate closed-form
expressions for a large number of aerodynamic stability derivatives
(including Cm p

) by using the method of Bryson3 for � ight at low
subsonic Mach numbers.

Three geometricalparametersof the light assault missilewere se-
lected to be variable parameters of the optimization problem: span
s and chord c of tail � ns and length l of warhead midsection. The
values that are assigned to lower and upper limits of these param-
eters in this case study are shown in Table 1. Five equally spaced
values of each parameter were used to obtain a sparse set of 125
con� gurations.

Closed-formexpressionsthat relate aerodynamicstabilityderiva-
tives to geometry were obtained by using the method of Bryson,

Table 1 Upper and lower limits
of variable geometrical data

Lower Upper
Parameter limit limit

l, mm 30 60
c, mm 10 15
s, mm 50 100

Fig. 2 Unguided light assault missile. All dimensions are in milli-
meters.
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which is restricted to incompressible potential � ow. Drag coef� -
cient data of the 125 con� gurations were determined by using the
MissileDATCOM databasefor a Mach numberof 0.32.The termCD

was assumed to be related to x by the following functional relation-
ship:

CD x c0 c1x1 c2x2 c3x3 c4x2
1 c5x2

2 c6x2
3

c7x1x2 c8x1x3 c9x2x3 (7)

The x data were scaled by using x1 l lmax x2 c cmax , and x3

s smax to improvethequalityof curve� tting.The ci i 0 1 9
coef� cients for CD were determinedby using the curve� tting utility
of Sigma Plot software.

A Turbo Pascal program was prepared to determine inertial and
aerodynamic data of the light assault missile based on a simpli� ed
solid model, the results of the method of Bryson for aerodynamic
stabilityderivatives,and the curve� tted Missile DATCOM CD data.
Valuesof the followingcost and inequalityconstraintfunctionswere
calculated for the 125 con� gurations by using the program.

The � rst cost function denoted by f1 is related to Magnus insta-
bility and yaw-pitch-roll resonance. Linear time-invariant aerobal-
listic theory has two important results related to the roll rate p of a
staticallystable, slightly asymmetric unguided missile.4 First, if the
magnitudeof p exceedsa certain limit denotedby pdyn during � ight,
then a Magnus instability takes place.Second, if the magnitudeof p
coincideswith a certain value denoted by pres , then a yaw-pitch-roll
resonance takes place. (Nonlinear aeroballistic theory predicts that
a linear resonancecan be followed by the lock in of p to pres , which
in turn can be followed by a severe instabilityknown as catastrophic
yaw due to nonlinearinducedaerodynamicmoments and con� gura-
tional asymmetries.) Closed-form expressions for pdyn and pres are
given next:

pdyn
2V It

Ia

M

sd 2 sd

(8)

pres V M (9)

where

M 1 k2
t Cm (10)

sd 2T H (11)

H Cz 2CD 1 2k2
t Cmq

Cm (12)

T 1 2k2
a Cm p

Cz CD (13)

ka t Ia t mT
2 (14)

C S 2mT C (15)

The magnitudeof pdyn is usually three to � ve times larger than the
magnitude of pres . In external con� gurationdesign, it is desirable to
have a large difference between pdyn and pres because one usually
tries to meet the pres p pdyn condition by using tail � n cant.
Hence, the � rst cost function is selected as

f1

pdyn pres

2V
(16)

The second cost functiondenotedby f2 is related to range perfor-
mance. Linear time-invariant aeroballistic theory predicts the vari-
ation of speed of an unguided missile in free straight � ight to be

V V0e
CD s (17)

where s is the nondimensionalarc length:

s
1 t

t0

V dt (18)

Hence, the second cost function is selected as

f2 CD mT (19)

The third cost function, denoted by f3, is related to warhead
performance. A very simple criterion in terms of weapon system
effectiveness is the ratio of warhead mass m to total mass. Hence,
the third cost function is selected as

f3 m mT (20)

The � rst inequality constraint function, denoted by g1, is related
to the static stability factor ss , which is de� ned as

ss Cm CZ (21)

The magnitude of ss should be larger than a certain limiting value
(which is usually taken as 1) for adequate static stability. In the case
of the light assault missile, a survey of ss data of 125 con� gura-
tions showed that there were no problems in terms of static stability
with 4 5 ss 5 5. Nevertheless, the � rst inequality constraint
function was selected as

g1 5 ss (22)

The reason for this selection is related to the dispersion of the light
assault missile, which is due to aiming errors and con� gurational
asymmetries. Nothing can be done to reduce dispersiondue to aim-
ing errors in terms of external con� guration design. On the other
hand, dispersiondue to con� gurationalasymmetries can be reduced
by increasing ss .

The second inequality constraint function, denoted by g2, is re-
lated to the transverse damping factor, which is de� ned as

H 2 M (23)

The magnitudeof should be larger than a certain limiting value for
adequate dynamic stability. In the case of the light assault missile,
a survey of data of 125 con� gurations showed that there were no
problems in terms of dynamic stability with 0 12 0 19.
Nevertheless,the secondinequalityconstraint functionwas selected
as

g2 0 15 (24)

The reason for this selection is also related to the desire to keep
dispersion due to con� gurational asymmetries below a certain
level.

Polynomial functional relationships similar to Eq. (7) were as-
sumed to exist between each f g, and x, coef� cients of which were
determined by using the curve� tting utility of Sigma Plot software.
Each cost function was scaled in such a way that the difference be-
tween its maximum and minimum values and its mean value were
both equal to 1. The optimal external con� guration for each cost
function was determined separately by using a Turbo Pascal pro-
gram implementing the modi� ed steepest-descent algorithm that
was discussed in the precedingsection. [Four differentoptimization
problemswere solved with fi i 1 2 3 f4 f1 f2 f3 g1

0 g2 0, and xl x xu .] Optimal x values for roll dynamic
stability performance f1 , range performance f2 , warhead per-
formance f3 , and composite cost function f4 are presented in
Table 2 with the corresponding values of the cost and inequality
constraint functions.

The variations of f1 g1, and g2 with x2 and x3 at x1 0 5 are
shown in Figs. 3–5. The variations of f2 f3 f4 g1, and g2 with x2

and x3 at x1 1 are shown in Figs. 6–10. Figure 3 shows that the
lowest f1 value is located at the upper-left-handcorner of the f1 vs
x2 and x3 graph at x1 0 5. Figures 4 and 5 show that inequality
constraints g1 0 and g2 0 are both satis� ed at that particular
point. Similar visual inspection of Figs. 6–10 and an examination
of the cost and constraint function data of the 125 con� gurations
have shown the authors that correct optimal solutions were found
for all four of the optimizationproblems.No convergenceproblems
were observed in iterations with different initial conditions, which
resulted in the same optimal solutions.
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Fig. 3 Variation of f1 cost function with x2 and x3 for x1 = 0.5; f1
(Magnus instability resonance).

Fig. 4 Variation of g1 inequality constraint function with x2 and x3 for
x1 = 0.5; g1 (static stability).

Fig. 5 Variation of g2 inequality constraint function with x2 and x3 for
x1 = 0.5; g2 (damping dynamic stability).

Fig. 6 Variation of f2 cost function with x2 and x3 for x1 = 1.0; f2
(range).

Fig. 7 Variation of f3 cost function with x2 and x3 for x1 = 1.0; f3
(warhead).

Fig. 8 Variation of f4 cost function with x2 and x3 for x1 = 1.0; f4
(composite).
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Fig. 9 Variation of g1 inequality constraint function with x2 and x3 for
x1 = 1.0; g1 (static stability).

Fig. 10 Variation of g2 inequality constraint function with x2 and x3
for x1 = 1.0; g2 (damping dynamic stability).

Table 2 Optimal x values for fi (i = 1 2 3 4)

f1 1 570 f2 1 592 f3 1 437 f4 1 021
g1 0 239 g1 0 363 g1 0 446 g1 0 682
g2 0 045 g2 0 000 g2 0 000 g2 0 043

xopt

0 500
0 667
1 000

xopt

0 996
0 856
0 712

xopt

0 997
0 667
0 707

xopt

1 000
0 667
1 000

Conclusion
In this paper an optimal external con� guration design method

for unguided missiles was presented. The method is based on lin-
ear time-invariant aeroballistic theory, and hence different phases
of � ight are analyzed separately. Cost and constraint functions are
determined by using curve� tted aerodynamicand inertial functions
based on a sparse set of geometricaldata. Optimal external con� gu-
rations are obtainedby using a modi� ed steepest-descentalgorithm.
The method was demonstrated through a representative case study
based on a light assault missile with subsonic free � ight. Differ-
ent cost functions that were subject to inequality constraints were
minimized successfully in a three-dimensionalgeometrical param-
eter space. The method can be used as a simple and reliable tool in
the preliminary design stage of an unguided missile development
project.

There have been signi� cant advances in the analysis and system
identi� cation of unguidedmissiles since World War II. On the other
hand, the external con� guration design of unguided missiles has
been neglected despite its obvious importance. Hence, a number of
problems that require further investigationremain: optimal external
con� gurationdesign based on nonlinear time-invariantaeroballistic
theory and the developmentof a method that can determine the best
con� guration for the whole of a speci� ed mission rather than the
best con� gurations for different phases of the mission.
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